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Entropic force originates in the assumption that there is a horizon for the universe. This horizon
gives rise to additional terms in the equations of motion. Using dynamical system calculations, our
results show that in the presence of dark energy for certain conditions, the last attractor of this
theory will be dark energy epoch, but in the absence of dark energy, entropic force energy portion
will have the lead role in the late time universe and is responsible for accelerated expansion of that.
Interestingly, assuming both entropic force terms and dark energy to have their share of energy
density of the universe, we have found that, in certain conditions entropic force dominated epoch is
a stable fixed point while the dark energy epoch is a saddle point.
I. INTRODUCTION
During the last years of 20th century, the observations proved that the universe is experiencing an accelerated
expansion phase [1, 2].This expansion can be explained by assuming the cosmological constant which leads to the
ΛCDM model. However, observational data shows that the cosmological constant is around 120 orders of magnitude
smaller than its value if we assume the quantum gravity effects to appear at Planck scale, and this would lead to
cosmological constant problem. [3, 4]. There are also other suggestions such as dark energy to explain the accelerated
expansion of the universe. Thus the concept of dark energy was introduced as a dynamical field to explain the late
time accelerated expansion of the universe [5]. Having negative pressure is the main feature of dark energy (as well
as cosmological constant), concluding that it has negative equation of state (pρ < 0). But due to ambiguities about
dark energy, there are many efforts to avoid that. One of the most popular alternatives to dark energy are modified
gravity theories. There are many modified gravitational theories that each of them introduced for a different reason
[6–8], although some of them are considered in the presence of dark energy.
It is also possible to view the universe using another approach in which the entropic force has the main role.
Entropy in macroscopic systems has a tendency to increase which leads to entropic force in many body systems. If
we consider the universe to have a horizon (boundary screen), according to holographic principal the information
content of the universe will be encoded on the horizon. Thus the horizon will have the corresponding temperature and
entropy. Verlinde used this holographic pirincipal and the Unrah temperature to explain the gravitational interactions
as a result of entropic force [9, 10]. Therefore For a homogeneous and isotropic universe with Friedmann-Robertson-
Walker (FRW ) metric, and in natural units (c = 1), entropic force interpretation of gravitational interactions, leads
to additional terms in the Friedmann equations as bellow [11, 12]:
H2 =
k
3
ρ+ c1H
2 + c2H˙, (1)
H˙ +H2 =
−k
6
(ρ+ 3p) + c1H
2 + c2H˙, (2)
where, ρ and p are the total energy density and pressure of the universe, k = 8piG and H = a˙a is the Hubble
parameter. The coefficients c1 and c2 are positive and less than one. Different features of entropic force universe has
been studied in literature [13–17] and here we are going to study the dynamical behavior of the entropic accelerated
universe. In standard cosmology and according to observational information, there is a determined time ordering for
the cosmological epochs and their stabilities as bellow:
inflation→ radiation→ matter → dark energy.
A successful gravitational theory must keep these stabilities and ordering. Radiation, matter, curvature and dark
energy are the energy components of the universe which are changing with time, thus a strong tool to investigate if a
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2theory can satisfy this expectation is to use the dynamical system calculations [18, 19]. Therefore, in the next sections
we will study the dynamical behavior of the entropic force universe.
This paper is organized as follows: In Sec. (II) the dynamical properties of the entropic force universe in the
presence of dark energy is studied and the fixed points of the model and their stabilities are calculated. Sec. III will
present a universe in which there is no dark energy and the entropic force will be responsible for late time accelerated
expansion of the universe. Finally in Sec. (IV) we will consider the universe to include both entropic force and dark
energy as the energy components of the universe and will investigate the stability of dark energy and entropic force
energy portions.
II. DARK ENERGY EXISTENCE
In this section, we assume dark energy, matter and radiation to be the energy components of the universe, and the
entropic force terms will be considered as usual geometrical terms. Thus the equations of motion will be as follows
[11, 12]:
H2 =
k
3
(ρr + ρm + ρd) + c1H
2 + c2H˙, (3)
H˙ +H2 =
−k
6
(ρr + ρm + ρd + 3(pr + pm + pd)) + c1H
2 + c2H˙, (4)
where ρr, ρm and ρd are representing the energy density of radiation, matter and dark energy, respectively (ρ =
ρr + ρm + ρd) and the continuity equations will be written as follows:
ρ˙m + 3H(ρm + pm) = 0, (5)
ρ˙r + 3H(ρr + pr) = 0, (6)
ρ˙d + 3H(ρd + pd) = 0, (7)
where pr =
1
3ρr, pm = 0 and pd = −ρd are the corresponding pressures for radiation, matter and dark energy. Here
we study the case with the equation of state of dark energy to be similar to that of cosmological constant but more
complicated cases can be studied using the same method.
The above equations implies that our universe can be considered as a dynamical system because its energy compo-
nents are changing with respect to time. To study the dynamics of the universe which is described by Eqs.(3) and (4),
first it is needed to define dimensionless parameters out of the energy densities. Thus we write the energy portions
as bellow:
Ωm =
kρm
3H2
, Ωr =
kρr
3H2
, Ωd =
kρd
3H2
. (8)
Using these definitions, Eqs.(3) and (4) are re-written as a function of energy portions:
1 = Ωr + Ωm + Ωd + c1 + c2
H˙
H2
, (9)
H˙
H2
+ 1 =
−1
2
(Ωm + 2Ωr − 2Ωd) + c1 + c2 H˙
H2
. (10)
To have an absolute expression of H˙H2 in terms of Ωr, Ωm and Ωd, the above equations are solved together and the
results are as bellow:
1 = −−3c2Ωm − 4c2Ωr + 2Ωd + 2Ωm + 2Ωr
2(c1 − 1) , (11)
H˙
H2
=
1
2
(−3Ωm − 4Ωr). (12)
We are going to use Eqs. (8), (11) and (12) to calculate the dynamical behavior of the universe. At first the time
derivatives of Ωr, Ωm and Ωd are calculated, but at the end we made a change of variable from time to number
3of e-folding “N”. N = Log(a) is a measure of universe scale and is more useful than cosmological time. Thus the
equations that describe the evolution of the energy portions are as follows:
Ω′r = −4Ωr − 2Ωr(
H˙
H2
), (13)
Ω′m = −3Ωm − 2Ωm(
H˙
H2
), (14)
Ω′d = −2Ωd(
H˙
H2
), (15)
with prime denoting the derivative with respect to N . As Eq.(11) is a conditional term between the energy portions,
one of the above equations will be omitted. Here we will omit Ωm using Eq.(11), in order to have two independent
equations. The remaining equations should be solved together (Ω′r = 0 and Ω
′
d = 0) so that we can find the fixed
points of this case. The fixed points of a special case shows the values of each energy portions in which the whole
system can be described with a unique behavior. Thus Eqs. (13) and (15) are solved together and the following fixed
points are obtained:
1. (Ωr,Ωd) = (3c1 − 6c2 + 1, 0),
2. (Ωr,Ωd) = (0, 0),
3. (Ωr,Ωd) = (0, 1− c1). (16)
Now we are at the point to check the stability of these fixed points. The stability of a fixed point can have three
different situations. If the flux lines are attracted toward the point, it is called a stable fixed point, if the flux lines are
attracted to the fixed point from one direction and leaves the point from another one, it is called a saddle point and
if the point acts as a repulsive one, it is unstable. These properties are investigated using the eigenvalues of Jacobian
matrix. If we write Eqs.(13) and (15) as:
Ω′r = f(Ωr,Ωd), (17)
Ω′d = g(Ωr,Ωd), (18)
the Jacobian matrix is defined as bellow:
J =
 ∂f∂Ωr ∂f∂Ωd∂g
∂Ωr
∂g
∂Ωd
 .
The eigenvalues of this matrix determines the stability of a fixed point. As our system is a two dimensional
dynamical system, Jacobian matrix will have two eigenvalues for each of the fixed points. Therefore:
• A fixed point is stable if both eigenvalues of the Jacobian matrix are negative.
• It is a saddle point if one of the eigenvalues is negative while the other is positive.
• Finally it is an unstable fixed point if both eigenvalues are positive.
Using Eqs.(13) and (15), the eigenvalues of Jacobian matrix for the fixed points in Eq.(16) came out to be as follows:
1. (λ1 =
3c1 + 3
√
(c1 − 1)2 − 12c2 + 5
2− 3c2 , λ2 =
3c1 − 3
√
(c1 − 1)2 − 12c2 + 5
2− 3c2 ),
2. (λ1 =
−6c1 + 6c2 + 2
√
(3c2 − 2)2 + 2
2− 3c2 , λ2 =
2
(
3c1 − 3c2 +
√
(3c2 − 2)2 − 1
)
3c2 − 2 ), (19)
3. (λ1 = −
√
(3c1 − 6c2 + 1)2 + 3c1 + 6c2 − 7
3c2 − 2 , λ2 =
√
(3c1 − 6c2 + 1)2 − 3c1 − 6c2 + 7
3c2 − 2 ).
Applying different values of c1 and c2 (considering 0 < c1 < 1 and 0 < c2 < 1), we have found that for certain
values of these parameters the first fixed point which represents the radiation dominated universe, has two positive
eigenvalues and is an unstable point. The second one has a negative and a positive eigenvalue, thus it is a saddle point
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FIG. 1: The phase space diagram of the system described by Eqs. (11) and (12) for c1 = 0.1 and c2 = 0.01. The radiation
dominated fixed point (Ωr, Ωd) = (3c1− 6c2 + 1, 0) is unstable, the matter dominated one (Ωr, Ωd) = (0, 0), is a saddle fixed
point and the dark energy dominated universe (Ωr, Ωd) = (0, 1− c1) is a stable fixed point.
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FIG. 2: For the theory to be consistent with standard cosmology expectation the radiation, matter and dark energy dominated
fixed points must be unstable, saddle and stable ones, respectively. The orange regions in above panels show the values of c1
and c2 that will satisfy this expectation for the model discussed in Sec.(II) and by using the eigenvalues obtained in Eq. (19).
and represents the matter dominated universe. Finally dark energy epoch is a stable fixed point with two negative
eigenvalues and attracts all the universe flux.
The observational evidence shows that the universe have had obvious time ordering for different epochs. There was
a radiation dominated universe followed by a matter dominated universe. The last epoch is where dark energy or its
alternatives has the main role. A successful gravitational theory must satisfy these stabilities and their ordering. Our
results indicate that the theory that has been discussed here, is consistent with the standard cosmology expectations
for certain values of c1 and c2 (Fig. 2). In this way we have restricted parameters c1 and c2 in the entropic force
scenario. The phase space diagram and the evolution of energy components with respect to scale factor are depicted
in Figs.(1) and (3).
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FIG. 3: The evolution of energy portions of the universe with respect to scale factor for the model studied in Sec. (II). Here
we assume that c1 = 0.1, c2 = 0.01. Ωr0 = 0.0004, Ωm0 = 0.2996 and Ωd0 = 0.7 are the present values of radiation, matter and
dark energy portions of the universe which have been used here.
III. Ωd = 0 AND Ωc = c1 + c2
H˙
H2
Here we would like to study the role of entropic force terms in dynamical behavior of the universe and in the
absence of dark energy (Ωd = 0). So it is natural to write the energy density corresponding to entropic force as
ρc =
3
k (c1H
2 + c2H˙), with the continuity equation ρ˙c + 3H(ρc + pc) = 0. Thus Eqs. (9) and (10) turn into the
following equations:
1 = Ωr + Ωm + Ωc, (20)
H˙
H2
=
−1
2
Ωm − Ωr + Ωc − 1, (21)
where Ωc is the entropic force energy portion and is defined as Ωc = c1 + c2
H˙
H2
. Therefore Ωr, Ωm and Ωc are the
energy components of the universe and one of them will be omitted due to Eq.(20). Here we will omit Ωc out of the
three, thus the derivatives of the two remaining ones with respect to the number of e-foldings are:
Ω′r = −4Ωr − 2Ωr
H˙
H2
, (22)
Ω′m = −3Ωm − 2Ωm
H˙
H2
. (23)
Solving these two equations together (i.e. Ω′r = 0 and Ω
′
m = 0) to obtain the fixed points, and calculating the
eigenvalues of Jacobian matrix for each of them, we have found the following fixed points and their corresponding
eigenvalues (λ1 and λ2):
1. (Ωr, Ωm) = (1, 0) =⇒ (λ1 = 1, λ2 = 4),
2. (Ωr, Ωm) = (0, 1) =⇒ (λ1 = −1, λ2 = 3),
3. (Ωr, Ωm) = (0, 0) =⇒ (λ1 = −4, λ2 = −3). (24)
Thus it is concluded that the radiation dominated epoch (the first fixed point) is an unstable fixed point and the
universe flux lines leave this point toward the next one. The second fixed point which represents the matter dominated
universe, is a saddle point, so the flux lines are attracted to this point from one direction and leaves it from another
one. Thus there would be a third epoch to attract all the flux lines. It is where the entropic force energy density has
a lead role in the universe (the third fixed point). As the eigenvalues of Jacobian matrix are negative for this point,
it is a stable fixed point and a final attractor. Therefore using entropic force effect, it is possible to describe the late
time expansion of the universe without using the concept of dark energy. Our result is presented in Fig.(4).
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FIG. 4: The phase space diagram of the system described by Eqs. (20) and (21). The radiation dominated fixed point
(Ωr, Ωm) = (1, 0) is unstable, the matter dominated one (Ωr, Ωm) = (0, 1), is a saddle fixed point and the entropic force
dominated universe (Ωr, Ωm) = (0, 0) is a stable fixed point.
IV. THE CASE WITH BOTH Ωd AND Ωc
Here, let us consider Eqs. (3) and (4) by assuming that Ωc = c1 + c2
H˙
H2
. Thus we will have a universe in which the
entropic force and dark energy are both assumed to be energy components of the universe. Using these definitions
Eqs. (3) and (4) will be given as follows:
1 = Ωr + Ωm + Ωd + Ωc, (25)
H˙
H2
= Ωc + Ωd − 1
2
Ωm − Ωr − 1. (26)
Where due to Eq.(25), the system will be reduced from four dimensional system to a three dimensional one (Here
we have chosen Ωc to be omitted between the four). Thus the derivative of three remaining Ω with respect to number
of e-foldings will be obtained:
Ω′m = −2Ωm
(
−1 + Ωd − Ωm
2
+ (1− Ωd − Ωm − Ωr)− Ωr
)
− 3Ωm, (27)
Ω′r = −2Ωr
(
−1 + Ωd − Ωm
2
+ (1− Ωd − Ωm − Ωr)− Ωr
)
− 4Ωr, (28)
Ω′d = −2Ωd
(
−1 + Ωd − Ωm
2
+ (1− Ωd − Ωm − Ωr)− Ωr
)
. (29)
As this is a three dimensional dynamical system, solving these three equations together (i.e. Ω′r = 0, Ω
′
m = 0, Ω
′
d =
0), gives us four fixed points where each of them will have three corresponding Jacobian matrix eigenvalues as bellow:
1. (Ωr, Ωm, Ωd) = (1, 0, 0) =⇒ (λ1 > 0, λ2 > 0, λ3 > 0),
2. (Ωr, Ωm, Ωd) = (0, 1, 0) =⇒ (λ1 > 0, λ2 > 0, λ3 < 0),
3. (Ωr, Ωm, Ωd) = (0, 0, 1) =⇒ (λ1 < 0, λ2 < 0, λ3 > 0),
4. (Ωr, Ωm, Ωd) = (0, 0, 0) =⇒ (λ1 < 0, λ2 < 0, λ3 < 0). (30)
These results implies that the radiation dominated epoch (the first fixed point) is an unstable fixed point while the
matter dominated epoch (the second one) represents a saddle fixed point. The dark energy universe is a saddle fixed
point (the third one) and will be followed by a stable entropic force dominated universe (the forth fixed point).
7-0.5 0.0 0.5 1.0 1.5
-0.5
0.0
0.5
1.0
1.5
Ωm
Ω d
FIG. 5: The phase space diagram of the system described by Eqs. (25) and (26) with Ωr = 0. According to Eq.(30), the
radiation dominated fixed point (Ωr, Ωm, Ωd) = (1, 0, 0) is unstable, the matter dominated one (Ωr, Ωm, Ωd) = (0, 1, 0), is
a saddle fixed point, and the dark energy universe (Ωr, Ωm, Ωd) = (0, 0, 1) is also a saddle fixed point. Finally the entropic
force dominated universe (Ωr, Ωm, Ωd) = (0, 0, 0) is a stable fixed point.
V. CONCLUSION
In this paper we have studied the dynamical behavior of the universe considering the effect of entropic force (entropic
acceleration) on the equations of motion. Entropic force leads to additional terms in Friedmann equations which may
have a significant role in the dynamical behavior of the universe.
An important result of considering the entrpoic force scenario is that, there is no need to take into account the dark
energy to explain the late time acceleration of the universe.
Using Eq. (1), and assuming the energy components of the universe to be ρr, ρm and ρd, it is came out that there
are three fixed points for the model which are radiation, matter and dark energy dominated universe and according
to the eigenvalues of Jacobian matrix, the stability of them depends on the values of c1 and c2. For the theory to
be consistent with standard cosmology expectation c1 and c2 must be in the intervals that was presented in Fig.
(2).These intervals are consistent with the values that Easson, Frampton and Smoot have applied in their calculation
[11]. The proper values of c1 and c2 shows that there would be a radiation dominated epoch in the universe followed
by a matter dominant one and finally our universe will witness a dark energy dominated epoch. Thus we have put a
boundary on the values of c1 and c2 by using the dynamical method calculations and these boundaries are consistent
with the previous works [11, 17].
Entropic force universe is introduced as an alternative to dark energy, thus we investigated the dynamics of this
theory in the absence of dark energy. In this case the energy components of universe are radiation, matter and entropic
force, Ωc, as in Sec. (III).The fixed points of this case and their stability represents that the radiation and matter
dominated epochs are unstable and saddle fixed points of this case, respectively, while the entropic force will have the
lead role in the late time of the universe as a stable fixed point. It implies that the entropic force can explain the late
time acceleration of the universe instead of dark energy.
Also considering both dark energy and entropic force to be the energy components of the universe, we have found
an interesting result. Again the radiation and matter dominated fixed points are unstable and saddle fixed points, the
dark energy epoch will be a saddle fixed point of the model in Sec. (IV) and the entropic force dominated fixed point
is a stable one. Thus there would be a radiation dominated universe followed by a matter dominant epoch, prior to
a dark energy dominated universe and the last epoch will be an entropic force dominated epoch.
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